
1. Three thieves, each with two suitcases, want to cross a river. They find a
boat with three seats. Each seat can be occupied either by one person or
by one suitcase. None of the three thieves trusts his companions enough
to let them handle his suitcase when he is not present, but they are willing
to leave their suitcases temporarily on the deserted river bank. A) Can
they cross? (When the boat is docked on the river bank, we consider it
part of the bank). B) What is the minimal number of times the boat will
cross the river? (The answer alone is sufficient, no justification required).

Answer: 9 times.

Solution: Let us describe how they can cross the river. We denote the
three thieves as upper case letters A, B, C, and their suitcases as lower
case letters a1, a2, b1, b2, c1, c2.

1) A, a1, a2 cross to the other bank.

2) A comes back.

3) A, B, C cross to the other bank, and A stays there.

4) B and C go back.

5) B, b1,b2 cross the river.

6) A and B come back.

7) A, B, C cross the river.

8) C goes back.

9) C, c1, c2 cross the river. Thus, the total number of crossings is 9.

2. Calculate ∫ 0

−1

ctg(arccos(x))dx

Answer: -1.

Solution:

∫ 0

−1

ctg(arccos(x))dx =

∫ 0

−1

cos(arccos(x))

sin(arccos(x))
dx =

∫ 0

−1

x

−
√

1− x2
dx =

=

∫ 0

1

dt

2
√

1− t
=
√

1− t|01 = −1.

3. 2013 points are chosen on a unit interval. Find the maximal sum of the
pairwise distances between them.

Answer: 1006 ∗ 1007 = 10013042.

Solution: Let us demonstrate that the maximum s is achieved when 1006
points are on one end of the interval, and the remaining 1007 - on the other.
Consequently, the desired sum will equal 1006 ∗ 1007 = 10013042.
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It is sufficient to prove that the sum of the pairwise distances s is maximal
when all of the points lie on the borders of the interval.

Let us consider a point or a group of contiguous points B that lie on the
interval [0,1]. If we move B at a constant speed, then the sum of all the
distances will also move at a constant speed (which may equal zero), until
we reach another point or the end of the interval. If we choose the wrong
direction, i.e. a direction in which the sum of pairwise distances decreases,
then the sum will increase once we move in the opposite direction.

Thus, in the process of movement without decrease in the sum of pairwise
distances we can achieve displacement of a group of points to the border
of the interval, or merging of two groups of points. The process ends with
all points being displaced to the border of the interval. Problem solved.

4. The sides and diagonals of a hexagon are extended to create 30 straight
lines. What is the maximal possible number of regions these lines divide
the plane into?

Answer: 85.

Solution: The number of straight lines connecting 6 points equals (C2
6 =

15). n lines of general position divide a plane into n(n+1)/2+1 regions, of
which n(n-3)/2+1 are limited. However, our 15 straight lines are not in
general position (if they were, there would have been 121 regions). There
are 6 points where 5 different lines intersect (namely, the 6 vertices of our
original hexagon). If these vertices are in general position, then there will
be no other points where three lines intersect, and there will be no pairs
of parallel lines. Each ”focus” where 5 lines intersect corresponds to the
collapse of 6=5(5-3)/2+1 regions - a total of 36 collapsed regions. Thus,
we have 121-36=85 regions.

5. All faces of a parallelepiped are equal rhombuses with side 1 and angles
60 and 120. Find the volume of the parallelepiped.

Answer:
√

2/2.

Solution: First method. Let us examine the vectors along the edges
of the parallelepiped and construct their Gram matrix. On the diagonal
there will be unities, and elsewhere there will be halves (actually, some of
the elements of the matrix will be positive, and some - negative, but it is
possible to choose the directions of the vectors in such a way that all the
elements will be positive). The Gram determinant will equal 1/2, and the
desired volume will equal the root of the Gram determinant.

Second method. Consider a vertex of the parallelepiped where three 60-
degree angles meet, and the three adjacent vertices. These four vertices
are vertices of a regular tetrahedron with edge 1. Its volume is

√
2/12.

This volume is equal to 1/6 of the volume of the parallelepiped. (Proof:
this quality is preserved in affine transformations, a parallelepiped can be
transformed into a cube via an affine transformation, and for a cube the
above statement is obvious.)
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6. a) For which positive integers n does an order 2 quadratic integer matrix
A 6= 1 exist, such that An = 1 and Ak 6= 1 at k < n?

Answer: 2, 3, 4, 6.

b) The same question about a quadratic 4X4 integer matrix.

Answer:2, 3, 4, 6, 8, 10, 12.

Solution: Let us demonstrate a general solution of the problem (in par-
ticular cases there are elementary solutions). If Ak = E, then all the
eigenvalues of matrix A are k-th roots of unity. Let Ak 6= 1 for n < k.
Then let λi be the set of eigenvalues of matrix A, all of which are roots of
unity, and let k1, . . . , ks be the set of their orders (the order of the root
of unity λ is the minimal n such that λn = 1). It is obvious that then
all k are divisible by ki and, moreover, k is the least common multiple
(lcm) of ({ki}). It is known that every proper root of unity of order ki
is a root of the cyclotomic polynomial Φki

with integer coefficients, which
is irreducible over Q and has the order ϕ(ki) where ϕ is the Euler func-
tion. If ki 6= kj , then the polynomials Φki

and Φkj
are coprime. And the

minimal polynomial of matrix A is the product of
∏

i Φki , and its order
equals

∑
i ϕ(ki) and is the same as the order of the minimal polynomial

of matrix A.

For n = 2 the set of numbers ki, such that ϕ(ki) ≤ n, are 3, 4, 6. For
n = 1 they are 1, 2, for n = 3 they do not exist, for n = 4 the desired set is
5, 8, 10, 12. It follows that the set {ki} is a subset of {1, 2, 3, 4, 5, 6, 8, 10, 12},
and if one of the ki belongs to the set {5, 8, 10, 12}, then there are no other
ki numbers, and n = 4. On the other hand lcm(3, 4) = lcm(6, 4) = 12,
lcm(3, 6) = 6.

All these observations are sufficient to establish that no other numbers
exist. And the desired numbers are realized, because if λ is an algebraic
number of order n, i.e., λ satisfies the equation

λn + a1λ
n−1 + · · ·+ an = 0,

ai ∈ Z, then there exists an integer matrix with eigenvalue λ, which looks
as follows

M =


0 1 0 0 0
0 0 1 0 0

0 0 0
. . . 0

0 0 0 0 1
−an −an−1 . . . −a2 −a1


7. Pauli and Bohr are playing the following game. There is a group of 99!

molecules. During each turn one is allowed to remove no more than 1% of
the remaining molecules. The player who cannot make a move loses. They
each take turns, starting with Pauli. Who of them can win, no matter how
his rival plays?
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Answer: Pauli wins.

Solution: Let us demonstrate that Pauli wins. Let us suppose that Pauli
takes one molecule, and Bohr gets a chance to win. This means that Bohr
can make a winning counter move by taking k molecules. The following
has to hold true: k ≤ (99! − 1)/100 < 99!/100 ≤ 99!/100 − 1. But Pauli
had the right to take k + 1 molecules on his first move, and then he would
find himself in the same position as Bohr, who could make a winning move
after Pauli took one molecule. Therefore, Pauli can win no matter what
moves Bohr makes.

8. The polynomial of order n P(x,y) is given, such that P (x, y) ≥ 0 for all x,
y, and equals zero only at (0,0). Is it true that for a certain constant C > 0
the following inequality, P (x, y) > C · (|x|+ |y|)n for all x,y belonging to
[-1, 1]?

Answer: No.

Solution: Let P (x, y) = (x − yk)2 + x2k, n = deg(P ) = 2k. Obviously,
P is positive at all non-zero points (x,y). On the other hand at x = yk

P (x, y) = y2k
2

= yn
2/2. For each constant C > 0 at n > 2 the inequality

yn
2/2 < C · |y|n holds if y is a sufficiently small number.

4


